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Study of a Fast Discriminative Training Algorithm
for Pattern Recognition
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Abstract—Discriminative training refers to an approach to pat-
tern recognition based on direct minimization of a cost function
commensurate with the performance of the recognition system.
This is in contrast to the procedure of probability distribution es-
timation as conventionally required in Bayes’ formulation of the
statistical pattern recognition problem. Currently, most discrimi-
native training algorithms for nonlinear classifier designs are based
on gradient-descent (GD) methods for cost minimization. These al-
gorithms are easy to derive and effective in practice, but are slow
in training speed and have difficulty selecting the learning rates.
To address the problem, we present our study on a fast discrimina-
tive training algorithm. The algorithm initializes the parameters
by the expectation–maximization (EM) algorithm, and then uses
a set of closed-form formulas derived in this paper to further opti-
mize a proposed objective of minimizing error rate. Experiments in
speech applications show that the algorithm provides better recog-
nition accuracy in a fewer iterations than the EM algorithm and
a neural network trained by hundreds of GD iterations. Although
some convergent properties need further research, the proposed
objective and derived formulas can benefit further study of the
problem.

Index Terms—Classification, discriminative training, EM algo-
rithm, neural networks, pattern recognition.

I. INTRODUCTION

PATTERN recognition, one of the core techniques in com-
puter applications, has played an important role in image

and speech processing, communications, economics, biomet-
rics, security, and biomedical research, to name a few. The math-
ematical construct of a pattern classifier can be linear, such as a
single-layer perceptron, or nonlinear, such as a multilayer per-
ceptron (MLP), a Gaussian mixture model (GMM), or a hidden
Markov model (HMM) if the event to be recognized involves a
sequentially varying phenomenon. A linear classifier uses a (set
of) hyper-plan(s) to partition the data space [1], [2]. A nonlinear
classifier uses nonlinear kernels to model the data distribution or
the a posteriori probability, and may be better matched to the
statistical behavior of the data than a linear classifier [3]. Param-
eters that define the classifier need to be “trained” or optimized
based on a given set of known data.

General methodology for optimizing the classifier parameters
falls into two broad classes: Distribution estimation and discrim-
inative training. The distribution–estimation approach to classi-
fier training is based on Bayes’ decision theory, which suggests
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estimation of data distribution as the first and most imperative
step in the design of a classifier. The most commonly used cri-
terion for distribution estimation is maximum likelihood (ML)
[3]. For those complex distributions used in many nonlinear
classifiers, the re-estimation (or, equivalently, the EM) algo-
rithm for ML estimation [4] is, in general, very efficient because,
while it is a hill-climbing algorithm, it guarantees a net gain
in the optimization objective at every iteration, leading to uni-
form, rather than stochastic, convergence to a fixed-point solu-
tion. The principle of discriminative training is to directly min-
imize a cost function commensurate with the performance of
the pattern classification or recognition system. Cost functions
proposed for discriminative training include the conventional
squared-error used in the backpropagation algorithm [5]–[7],
the minimum classification error (MCE) criterion in the gener-
alized probabilistic descent (GPD) algorithm [8], [9], the max-
imum mutual information (MMI) criterion [10]–[13], and other
versions [14]–[16]. Variations of the gradient-descent (GD) al-
gorithm [8], [17], [18] as well as simulated and deterministic
annealing algorithms [19] are used for optimizing these objec-
tives. In general, these optimization algorithms converge slowly,
particularly for large-scale or real-time problems such as au-
tomatic speech and speaker recognition, which employ HMMs
with hundreds of GMMs and tens of thousands of parameters,
hindering their applications.

In this paper, we present our study results in a fast and ef-
fective discriminative training algorithm for a class of nonlinear
classifiers consisting of GMMs. The GMM is generally enough
to model any distribution, and can be implemented as an artifi-
cial neural network (ANN) if needed. GMMs have been used
in most speech and speaker recognition systems as the basic
parameter model structure. We define a generalized minimum
error rate (GMER) as the objective for discriminative training,
and thus name the algorithm fast GMER estimation. It is a batch-
mode approach using an approximate closed-form solution for
optimization. The model parameters are first initialized by ML
estimation, and then, the model is trained to optimize the GMER
objective in a few iterations. The proposed procedure is similar
to the re-estimation algorithm, but the aim is at minimum error
rates (MERs) rather than ML. We demonstrate through exper-
iments that the algorithm produces optimization results as fast
as the re-estimation algorithm in terms of computational effi-
ciency, and better than the ML estimation in terms of recogni-
tion accuracy. We also provide discussions and analysis on the
convergent problem in this study.

II. A FAST TRAINING ALGORITHM

In this section, we first define an objective, then derive the
estimation formulas, and finally discuss the necessary and suf-
ficient conditions for the optimization problem.

1045-9227/$20.00 © 2006 IEEE



LI AND JUANG: STUDY OF A FAST DISCRIMINATIVE TRAINING ALGORITHM FOR PATTERN RECOGNITION 1213

A. Objective for Generalized MER Estimation

In an -class classification problem, we are asked to make
a decision, to identify an observation , as a member of a class,
say, . The true identity of , say , is not known, except in
the design or training phase, in which observations of known
identity are used as references for parameter optimization. We
denote event as the action of identifying an observation as
class . The decision is correct if ; otherwise, it is incorrect.
It is natural to seek a decision rule that minimizes the probability
of error, or, empirically, the error rate, which entails a zero-one
loss function

(1)

It assigns no loss to a correct decision, and assigns a unit loss to
an error. The probabilistic risk of corresponding to this loss
function is

(2)

where is the a posteriori probability that belongs
to . To minimize the probability of error, one should, there-
fore, maximize the a posteriori probability . This is the
basis of Bayes’ maximum a posteriori (MAP) decision theory,
and is also referred to as MER [3]. The a posteriori probability

is often modeled as , a function defined by a
set of parameters . Since the parameter set has a one-to-one
correspondence with , we write and
other similar expressions without ambiguity.

For training, we further define an “aggregate” a posteriori
(AAP) probability for the set of design samples

(3)

where is the th training token from class , is the
total number of tokens for class , and is the corresponding
prior probability, respectively.

The aforementioned AAP objective for MAP or MERs can
be further extended to a more general and flexible objective. We
name it the GMER objective

(4)

where

(5)

is a sigmoid function, and

(6)

represents a log probability ratio between the true class and
competing classes . The sigmoid function can provide
different weighting effects to different training data. For the data
that has been well classified, weighting is close to 1 or 0; for the
data near the classification boundary, weighting is near 0.5. The
slope of the sigmoid function is controlled by the parameter ,
where . Thus, the values of can affect the training per-
formance and convergence. By adjusting the value for different
recognition tasks, the GMER objective can provide better per-
formance than the MER objective.

To ensure that the estimated covariance are positive–definite,
we introduce a weighting scalar into (6), thus

(7)

where . For simplicity, we denote . In-
tuitively, represents the weighting between the true class
and competing classes . When , it means that
the true class is more important than the competing classes.
When , it means the true class and competing classes
are equally important. The range of the values of can be de-
termined during estimation. When and , we have

.
Although derived from different approaches, the GMER ob-

jective in (4) is equivalent to the empirical loss criterion defined
in MCE [8]. Here, we use the GMER objective to facilitate the
following derivation.

For testing, based on the Bayes decision rule to minimize risk
and minimize average probability of error, for a given observa-
tion , we should select the action or class that maximizes the
posterior probability

(8)

Since in (3) is the same for all classes, we have

(9)

Thus, although the training procedure can be different, the
decision procedures are still the same for both ML estimation
and discriminative estimations. The decision boundary be-
tween classes and is the line that satisfies the condition of

.
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B. Derivation of Estimation Formulas

We now apply this formulation to a classifier design em-
ploying, specifically, the GMM as the conditional probability
density function (pdf)

(10)

where is mixture density, is compo-
nent density, is mixing parameters subject to ,
and is the number of mixture components that constitute the
conditional probability density. The parameters for the compo-
nent density are a subset of the parameters of the mixture den-
sity, i.e., . In most applications, the component den-
sity is defined as a Gaussian kernel

(11)

where and are, respectively, the mean vector and co-
variance matrix of the th component of the th GMM, is the
dimension of observation vectors, and represents the vector
or matrix transpose.

Let be the gradient of with respect to .
Making the gradient vanish for maximizing , we have

(12)

where

(13)

(14)

where is computed using (6) to represent the (unregulated)
error rate. (This is deliberately set to separate, in concept, the
influence of a token from the relative importance of various pa-
rameters of the classifier upon the performance of the classifier.)
To find the solution to (12), we assume that and can
be approximated as constants around . Discussion regarding
this assumption is in Section II-C.

1) Estimation of Covariance Matrices: From the Gaussian
component in (10), we have

For optimization of the covariance matrix, we take the derivative
with respect to matrix

(15)

where is defined as a matrix operator

(16)

where is an entry of matrix , and is the dimension
number of observation vectors. Bringing (15) into (12) and
rearranging the terms, we have

(17)

where

(18)

(19)

and

(20)

Both and are matrices and is a scalar. For simplicity, we
ignore subscripts , for , , and .

2) Determination of Weighting Scalar: The estimated covari-
ance matrix must be positive–definite. We use this require-
ment to determine the upper bound of the weighting scalar .

Using the eigenvectors of , we can construct an orthog-
onal matrix , such that 1) , where
both and are diagonal, and 2) both and
have the same eigenvalues. These claims have been proved in
Theorems 1 and 2 in the Appendix. can then be determined
as

(21)

where and are the diagonal entries of and ,
respectively. also needs to satisfy

and (22)

Thus, for the th mixture component of model , we can deter-
mine . If model has mixtures, we need to determine
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one to satisfy all mixture components in the model. There-
fore, the upper bound of is

(23)

In numerical computation, we need an exact number of ; there-
fore, we have

(24)

where is a preselected constant, and it is much easier
to determine compared to the learning rate in GD algorithms.

3) Estimation of Mean Vectors: We take the derivative of (15)
with respect to vector

(25)

where is defined as a vector operator

(26)

where is an entry of vector and is the dimension number
of observation vectors. Bringing (25) into (12) and rearranging
the terms, we obtain the solution for mean vectors

(27)

where

(28)

(29)

and is defined in (20). Again, for simplicity, we ignore sub-
scripts , for , , and . We note that the both and
are vectors, and scalar has been determined when estimating

.
4) Estimation of Mixture Parameters: The last step is to com-

pute the mixture parameters subject to . In-
troducing Lagrangian multipliers , we have

(30)

Taking the first derivative and making it vanish for maximiza-
tion, we have

(31)

Rearranging the terms, we have

(32)

Summing over , for , we can solve as

(33)

where

(34)

and

(35)

Bringing (33) into (32), we have

(36)

C. Discussion on Sufficient Conditions

So far, we have discussed the necessary conditions for opti-
mization, i.e., . In theory, we also need to meet the
following sufficient conditions:

1) , in order to ensure a maximum solution;
2) and around .

This is to ensure that and in (12) are ap-
proximately constant; therefore, the independent assumption is
sound.

The first-order derivatives of and are as follows:

(37)

and

(38)
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When the conditions in (37) and (38) cannot be satisfied in
the beginning, an iteration procedure is then necessary to ap-
proach the condition approximately. The goal is to have the
values of both equations converge to zeros through iterations by
optimizing the model parameters and selecting the weighting
parameter . This needs further analysis in convergent theory.

In practice, since we have to compute of the objective
function anyway while computing (13) and (14), we can eval-
uate the objective function directly for the purpose of evaluating
convergence. If the value of the objective function is improved,
we keep the new set of parameters; otherwise, we do not save
them and just go to the next iteration.

D. Practical Training Procedure

The practical training procedure for the proposed fast GMER
estimation can be summarized as follows:

1) initialize all models parameters for all classes by ML esti-
mation;

2) for every mixture component in model , compute
and using (13) and (14), and compute , , and ,
using (18)–(20);

3) determine the weighting scalar by (24);
4) for every mixture component , compute , , and

using (17), (27), and (36);
5) evaluate the performance using (4) and (6) for model ; if

the performance is improved, save the best model parame-
ters;

6) repeat steps 2)–6) for the required number of iterations for
model ;

7) use the saved model for class and repeat the aforemen-
tioned procedure for all untrained models;

8) output the saved models for testing and applications.

E. Extension to Sequentially Observed Feature Vectors

In the aforementioned derivations, one observation or training
token represents one feature vector, and a decision is made
based on the single feature vector. The result can be applied
directly to a class of the applications of involving “fixed di-
mensional” pattern recognition, such as target recognition, and
image recognition. In many applications, however, one obser-
vation or one token may consists of a sequence of observations,
and a decision is made based on the sequence of feature vectors,
such as in speech and speaker recognition, and also in video
recognition. For example, in speech recognition, one spoken
phoneme can be represented by several feature vectors, and a
short sentence can have over one hundred feature vectors. For
such applications, decisions are usually made on a sequence of
continually observed (extracted) feature vectors, and we have
to make corresponding changes in the objective and estimation
formulas accordingly.

For the th observation of class with a sequence of feature
vectors, the observation (token) can be presented as

(39)

where the th token has a sequence of feature vectors.
To deal with this kind of a problem, one usually assumes that
the variable to represent the vectors are independent, identi-
cally-distributed (i.i.d); therefore, the probability or likelihood

can be calculated as

(40)

Thus, the GMER objective can be rewritten as

(41)

where is a sigmoid function, and

(42)

represents a log probability ratio between the true class and
the competing classes . Using the same method demon-
strated previously, readers can derive a set of re-estimation for-
mulas, or refer to the results in [20]. We ignore the derivations
here since the procedures and results are very similar to the pre-
vious derivations.

Once models are trained, given the th observation: A se-
quence of feature vectors , the decision on the observation
can be made as

(43)

(44)

In practice, the aforementioned computation is often conducted
as log likelihood

(45)

We note that if the variable to represent the vectors is not i.i.d.
but a nonstationary process, HMM [21] should be used as the
model structure, and the aforementioned algorithm can be fur-
ther extended to train HMMs. Actually, the sequential algorithm
is equivalent to train one HMM state. Details of HMM training
are out of the scope of this paper.

III. EXPERIMENTS

The proposed fast GMER estimation has been applied to sev-
eral pattern recognition experiments. We first use an illustra-
tive example to present the concept of discriminative training,
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Fig. 1. Contours of the pdf’s of three-mixture GMMs: The models are used to
generate three classes of training data.

followed by two applications on English vowel recognition and
speaker identification.

A. Illustrative Example

In this example, we artificially generated three classes of two-
dimensional (2–D) data. The distributions were of Gaussian-
mixture types, with three components in each class. Each token
was of two dimensions. For each class, 1500 tokens were drawn
from each of the three components; therefore, there were 4500
tokens in total. The contours of the ideal distributions of classes
1, 2, and 3 are shown in Fig. 1, where the means are represented
as , , and boxes, respectively.

To simulate real applications, we assumed that the number
of mixture components is unknown. Therefore, we assumed the
GMMs, which need to be trained, have two mixture components
with full covariance matrices for each class. In the first step, ML
estimation was applied to initialize the GMMs with four itera-
tions based on the training data drawn from the ideal models.
The contours that represent the pdf’s of each of the GMMs after
ML estimation are plotted in Fig. 2.

We then used the proposed fast GMER estimation to further
train new GMMs with two iterations based on the parameters es-
timated by ML estimation. The contours representing the pdf’s
of each of the new GMMs after the GMER estimation are plotted
in Fig. 3. All the contours in Figs. 2 and 3 are plotted on the same
scale.

By comparing Figs. 2 and 3, we can observe that GMER
training significantly reduced the overlaps amount three
classes. The decision boundaries of the three cases were plotted
in Fig. 4. After GMER training, the boundaries from ML
estimation shifted toward the decision boundaries from the
ideal models. We note that both the ML and GMER models
were trained from a limited set of training data drawn from the
ideal model, and the shifted areas are with high data density.
This illustrated how GMER training improves classification
accuracies.

Fig. 2. Contours of the pdf’s of two-mixture GMMs: The models are from ML
estimation using four iterations.

Fig. 3. Contours of the pdf’s of two-mixture GMMs: The models are from the
proposed fast GMER estimation with two iterations on top of the ML estimation
results. The overlaps among the three classes are significantly reduced.

The testing data with 4500 tokens for each class were ob-
tained using the same methods as the training data. The ML esti-
mation provided an accuracy of 76.07% and 75.97% for training
and testing datasets, respectively, while the proposed GMER
estimation improved the accuracy to 76.26% and 76.70% after
two iterations. The control parameters were set to and

. If we use the same model that generated the training
data to do the testing, the ideal performances are 77.19% and
77.02% for training and testing. These ideal cases are the ceil-
ings of this example. To evaluate the behaviors of the GMER
estimation, we plot the training and testing data on each of the
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Fig. 4. Enlarged decision boundaries for the ideal three-mixture models (solid
line), two-mixture ML models (dashed line), and two-mixture GMER models
(dash-dotted line): After GMER training, the boundary of ML estimation shifted
toward the decision boundary of the ideal models. This illustrates how GMER
training improves decision accuracies.

Fig. 5. Performance improvement versus iterations using the GMER estima-
tion: The initial performances were from the ML estimation with four iterations.

iterations in Fig. 5. On testing, the relative improvement of the
GMER estimation against the ceiling is significant.

B. English Vowel Recognition

In this experiment, GMMs were applied as classifiers to
recognize English vowels based on single-feature vectors. The
feature data were generated from a telephone speech database.
First, the speech was sampled at an 8-KHz sampling rate; then,
the fast Fourier transform (FFT) was applied to the speech
data over a 30-ms window shifted every 10 ms through the
recorded speech. Each FFT spectrum was processed by an au-
ditory-based algorithm [22], and then converted to 12 cepstral
coefficients through discrete cosine transform. The average
speech energy of the 30-ms window was also included in the

Fig. 6. English vowel classification: Performances of the proposed GMER al-
gorithm in four iterations. The accuracy is measured in terms of the percentage
of correctly-recognized feature vectors.

feature set. These 13-dimensional (13-D) feature vectors were
further augmented by a set of 13-feature coefficients of the
first derivative calculated over a 5-frame window, plus another
set of 13 coefficients of the second derivative calculated over
a 9-frame window. Thus, for every 10 ms, we had a frame
of 39-D feature vectors for classification. This is the same
feature we used for speech recognition. The feature vectors
corresponding to each vowel were partitioned into two datasets
for training and testing. Depending on the availability, each
vowel has about 800 feature vectors for training and 100 feature
vector for testing.

We used one GMM with eight mixtures and diagonal covari-
ance matrices to represent each vowel. The GMMs were first
initialized by ML estimation; each model was trained in 4 EM
iterations using the data that belong to the corresponding class.
In the next step, the GMMs were further trained discrimina-
tively using the proposed GMER estimation in four iterations.
For model , the parameters corresponding to the best accuracy
on the training dataset were saved as . We then proceeded to
train model in four 4 iterations, and so on. The results of
various numbers of iterations are plotted in Fig. 6.

For comparison, a GD method was also evaluated, where the
model parameter was updated as

(46)

where denotes the th iteration, represents the learning
rate, and was computed by a formula similar to (12).
We note that this GD algorithm is very similar to GPD training.
The transforms defined in [23] were employed in this exper-
iment to ensure the positive–definite of the variance matrices
and to meet other constraints. The models were updated using
the same procedure as aforementioned.

For comparison and validation, we further employed MLP
neural networks to solve the same problem. Instead of eight
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Fig. 7. Average accuracy of MLP networks in the same vowel classification
problem: The MLP networks were trained by the conjugate-gradient training
method. After 200 iterations, the best average accuracy on the testing dataset
was 72.89%, which is worse than the result of 76.70% from the proposed GMER
algorithm.

TABLE I
PERFORMANCE COMPARISON OF ENGLISH VOWEL RECOGNITION

mixtures, we used eight hidden nodes. Therefore, the total
number of parameters of each model for each class was almost
the same, except that the nonlinear function was changed from
a Gaussian to a sigmoid function. For training, we compared
several fast training algorithms [17], such as conjugate gradi-
ents, batch gradient descent, and quasi-Newton algorithms. We
plotted the results from the conjugate algorithm because it is
faster than others for this task. As shown in Fig. 7, after 200
iterations, the best result from the testing dataset was 72.89%,
which was still lower than 76.70% obtained by the proposed
algorithm in four ML plus four MER iterations.

The final comparison among MLP, MLE, GD, and proposed
GMER algorithms is listed in Table I. The MLP training was
better than MLE because it is a discriminative training algo-
rithm. The GD algorithm based on the GMER objective pro-
vided better performance than MLP with much less iteration.
The proposed GMER algorithm provided the best performance
while using only four iterations from the MLE-trained models.

C. Speaker Identification

In this experiment, we used a text-independent speaker iden-
tification task to evaluate the proposed GMER algorithm on se-
quentially-observed feature vectors as discussed in Section II-E.
The experiment included 11 speakers. Given a sequence of fea-
ture vectors extracted from a speakers voice, the task was to
identify the true speaker from the group of 11 speakers. Each
speaker had 60 s of training data and 30–40 s of testing data with

TABLE II
SPEAKER IDENTIFICATION ERROR RATES ON DIFFERENT ALGORITHMS AND

TESTING DATA

a sampling rate of 8 KHz. These speakers were randomly picked
from the 2000 National Institute of Standards and Technology
(NIST) Speaker Recognition Evaluation Database. The speech
data were first converted into 12-dimensional (12-D) Mel-fre-
quency cepstral coefficients (MFCC) feature through a 30-ms
window shifted every 10 ms [24]. Thus, for every 10 ms, we had
one 12-D MFCC feature vector. The silence frames were then
removed by a batch-mode endpoint detection algorithm [25].
The testing performance was evaluated based on segments of
1, 5, and 10 s of testing speech. The speech segment was con-
structed by moving a window of the length of 10, 50, or 100
vectors at every feature vector on the testing data collected se-
quentially. A detailed introduction to speaker identification and
typical ML estimation approach can be found in [24].

We first constructed GMMs with eight-mixture components
for every speaker using the ML estimation. Each GMM was then
further trained discriminatively using the sequential GMER es-
timation discussed in Section II-E. During the test, for every seg-
ment, we computed the likelihood scores of all trained GMMs
in the selected test length. The speaker with the highest score
was labeled as the owner of the segment.

The experimental results are listed in Table II. For 1, 5, and
10 s of testing data, the proposed sequential GMER algorithm
had 14.56%, 66.46%, and 100.00% relative error rate reduc-
tions, respectively, compared to ML estimation, which is the
most popular algorithm in speaker identification.

IV. CONCLUSION AND DISCUSSION

In this study, we first defined a discriminative training ob-
jective called GMER, and then derived the formulas for a fast
training algorithm for GMER using iterations. The EM algo-
rithm was used to initialize the parameters. Our experimental
results indicated that the fast GMER algorithm is efficient and
effective.

Based on an approximation, the algorithm attempts to iter-
atively improve the parameter optimization for classifier and
recognition solutions. Although the algorithm does not guar-
antee analytical convergence at each iteration, we empirically
demonstrate that the proposed algorithm can train a classifier or
recognizer in only a few iterations, much faster than GD-based
methods, while also providing better recognition accuracy due
to the generalization of the principle of error minimization.

We initialized the discussions of the convergent problem, but
we have to note that the problem has not been thoroughly ana-
lyzed yet, and further study is still necessary. Essentially, it is a
new kind of problem, and the traditional methods for convergent
analysis, such as contraction mapping [26] and the general con-
vergence theorem [27], cannot be applied here directly. We have
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to look for new approaches to analyze the convergent properties
of the proposed algorithm. Nevertheless, following our initial
analysis, the experimental results were promising and showed
that the proposed algorithm does converge to a local maximum
for the overall performances, although it does not guarantee con-
vergence on every step. This indicates that the assumptions of
this study are reasonable, and our initial analysis can lead to fur-
ther studies on the convergence theory.

The GMER estimation presented in this paper has two sets
of parameter re-estimation formulas. One is for classification
based on single vectors, i.e., a decision is made based on the
probability of every feature vector. Another one is for pattern
recognition based on a sequence of feature vectors, i.e., a deci-
sion is made based on the likelihood of a sequence of feature
vectors.

The goal of our further study is to investigate a new math-
ematical method to examine the convergent properties and to
extend the new GMER estimation method to HMM for speech
recognition and other dynamic pattern recognition problems.

APPENDIX

Theorem 1: Two symmetric matrices and can be diag-
onalized simultaneously as

(47)

and

(48)

where and are the eigenvalue and eigenvector matrices of
, i.e., .

Proof: See [28, p. 32].
Theorem 2: If , then and

have the same eigenvalues with the same multiplicities.
Proof: The proof is straightforward. Let and

. The eigenvalues of are the roots of

(49)

where, is eigenvalue and is an orthogonal matrix, so
. Since and have the same characteristic polynomial,

they have the same eigenvalues.
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