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Abstract — The concept of classification using principal features is
presented. The principal features defined in this paper are analo-
gous to principal components in statistics and linear algebra. Neu-
ral network training can be done by sequential identification of prin-
cipal features and corresponding pruning of the training data. Two
neural network simplification algorithms, lossless and lossy simpli-
fications, make the the classifier design more efficient. The design
procedure is compared with other classifier design algorithms.

1 INTRODUCTION

Principal Feature Classification is based on a sequential procedure for find-
ing principal features. This is analogous to a method for sequentially finding
principal-component basis vectors. One can first find the principal-component
vector which provides the best single vector for use in least-squares approx-
imation of the set of training vectors. Then one removes the contribution
of this principal component from each training vector to force a modified
(“pruned”) set of training data. The procedure is then repeated to obtain
the second-best principal component and so on, from the sequentially pruned
training data.

Successive determination of principal features and the associated, succes-
sive pruning of the training data are naturally different than the analogous
steps for principal components because the criterion, namely improvement in
classification performance, is different.

In each stage, motivated by a multiple-Gaussian-component model for
the probability density of a vector observation from any class, linear and
nonlinear discriminant analysis is applied to find current principal features.
The training vectors which are sufficiently well classified using these features
are pruned. In the next stage, the design again applies linear and nonlinear
discriminant analysis to the residual, unclassified training data set to find
new features until the training vectors are classified at the target level of
performance, which is chosen to permit good generalization to the test data.



Example 1. We use the two classes of data in Figure 1 (a) to show
the procedure of finding principal features. The design starts by first finding
two hyperplanes in the input space associated with the first principal feature
and the first hidden node. Fisher’s method is used to find a weight vector
as the first principal features with all the training data in the input space
[6, 1]. The hyperplanes in perpendicular to the vector are show in Figure 1
(a). Then, the classified data are pruned off and only the unclassified data
in between of the two hyperplanes are used to train the second hidden node.
The residual data set from Figure 1 (a) is shown in Figure 1 (b). Since the
mean vectors of the two classes are very close now, Fisher’s method does not
give the best principal features. In the second hidden node design, we use
a principal component analysis [4] to find the second principal features and
associated two hyperplanes. The network structure and associated training
algorithm is summarized in the Section 2.

For this classification problem, the Backpropagation (BP) training method
takes hundreds of seconds to hours, and one still does not get satisfactory
classification. The Radial Basis Network (RBF) can converge to an acceptable
performance in 35 seconds, but it needs 56 nodes. On the same problem, a
design based on the principal feature classification only takes 0.2 seconds and
needs only two hidden nodes with a better performance than both BP and
RBF.
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Fig. 1 (a). The original data and the hyperplanes of the first hidden node
(Fisher’s node). (b). The residual data set and the hyperplanes of the second
hidden node (Principal Component Discriminant node). (c). The partitioned
input space by two hidden nodes and four thresholds designed by the Principal
Feature Classification.

2 PRINCIPAL-FEATURE NETWORKS

Principal Feature Networks (PFN) are a class of neural networks based on the
principal feature concept. An implementation of the PFN is shown in Figure
2. Tt was called a Discriminant Neural Network (DNN) in [1]-[4]. Similar
name is also used for other methods [18]. So we have now changed the name
from DNN to PFN to be more specific and to concentrate on the new design
principles.

The hidden nodes are the building blocks of PFN. The single hidden node

design algorithm is motivated by multiple-multivariate-Gaussian component
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Fig. 2. An implementation for Principal Feature Networks (PFN).

classification [19]. Two kinds of practical hidden nodes, a Fisher’s Node,
for training classes with separable mean vectors, and a Principal Component
Discriminant Node, for training classes with common mean vectors, are used
to separate classes. They are designed for non-Gaussian and not linearly
separable cases [4].

When components of two training data populations Class 1 and Class 2
are described as having multivariate Gaussian distributions with sample mean
vectors and covariance matrices p1, X1 and pg, Xs respectively, the minimum-
cost classification rule is given by:

Classl : L(x) > 0; Class2 : L(x) < 0; (1)

where x is an observed data vector or feature vector of N components and 6
is a threshold determined by the cost ratio, the prior probability ratio, and
the determinants of the covariance matrices, and
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where Wy = (u! 71 —pt251) and for i > 0, A; and W; are the i’th eigenvalue
and eigenvector for matrix 21_1 — 22_1. Formula (2) is implemented as a
Gaussian Discriminant Node in Figure 3(a).

The purpose of such a node is to provide a feature which permits an
approximately or locally Gaussian component of a class to be separated from



other classes. It is not necessary at any stage to separate the whole class, but
simply to isolate the next separable component of the class.

When the covariance matrices in (2) are the same, the first, quadratic
term is zero, and it computes Fisher’s linear discriminant. The general node
becomes a Fisher’s node as in Figure 3(b). When the second term can be
ignored, the above formulas only have the first quadratic term. If we only use
the first eigenvalue, the Gaussian node becomes a quadratic node as shown in
Figure 3(c). The thresholded squaring function can be further approximated
by two thresholds as in Figure 3(d).
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Fig. 3. (a) A single Gaussian discriminant node. (b) A Fisher’s node. (c) A
quadratic node. (d) An approximation of the quadratic node.

To design a Fisher’s node, we can use Fisher’s linear discriminant analysis
[1, 6]. To design a quadratic node directly for non-Gaussian data, we use the
following criterion for an alternate discriminant: We choose a weight vector
w to maximize a discriminant signal-to-noise ratio .J.
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where X; is a matrix of row vectors of training data from class . X, is
the matrix of training data from all classes except X;. The class [ is the
class which has the largest eigenvalue among the eigenvalues calculated from
the data matrices of each class respectively. ¥; and X, are the estimated

J




covariance matrices and w is the weight vector [4]. The sequential hidden
node design and data pruning procedure has been introduced in Section 1.
See [1] - [4] for the details.

Generally speaking, other single-node (perceptron) training algorithms
can also be applied in PFN training. We prefer the above algorithms moti-
vated from multivariate statistical analysis because they can solve large ap-
plication problems much faster than gradient-descent or iterative algorithms
without worrying about local-minimum in a signal-node training.

3 HIDDEN NODE SIMPLIFICATION

We present two kinds of simplification algorithms for different applications,
Lossless Simplification for minimal implementation and Lossy Simplification
for improving the ability of the network for generalization. Depending on
applications, the lossless and lossy pruning algorithms can be applied indi-
vidually or together.

3.1 Lossless Simplification

After the hidden node design, the input space is partitioned by hyperplanes
associated with their thresholds and hidden nodes. Some of the hyperplanes
may not be necessary for a minimal implementation. The hidden node simpli-
fication and the output node design can be treated as a Boolean minimization
problem. The function of the output nodes is to group the partitioned re-
gions of same class into one output binary word, i.e. to generate a Boolean
function F', such as d = F(y), where d represents the output binary words,
one word for one class, y is the binary words of the hidden node outputs,
one word for one region. Usually, in a multi-dimensional input data space,
some of the partitioned regions may not have data vectors. The regions with-
out data vectors can be used in Boolean minimization as don’t care items to
simplify the Boolean function F'. The Boolean minimization can be done by
logic-minimization algorithms implemented in computer software [15].

The above simplification algorithm will not change the logical representa-
tion of the Boolean function F'. No region with data vectors is ignored and
nothing is changed on the network accuracy on the training data set, so it is
lossless pruning. The output nodes are designed during the pruning proce-
dure for a minimal implementation. However, it is not designed for improving
the network generality.

3.2 Lossy Simplification
The Lossy Simplification is developed for improving the ability of the network

to generalize to new data. The simplify algorithm is based on the performance
analysis of each threshold as well as hidden node. We call it lossy pruning



because a subset of partitioned regions and associated training vectors will
be ignored and the network accuracy will be reduced on the training data
set. Compared to the lossless simplification, the lossy Simplification is much
faster and more practical for real applications.

During the PFN training, each threshold is labeled with the class parti-
tioned by that threshold. Also, the contribution of each threshold for each
class are saved in an array, called contribution array. The array is used for
pruning analysis. We use the following example to illustrate the details of
the simplification algorithm.

4 A DESIGN EXAMPLE

Example 2: A principal feature network was designed to recognize 10 classes
of signals in a real application. Each of training and test data sets has about
3,000 examples and each example is a 24 dimensional vector. In the design
specifications, the expected network accuracy is 95%, which will be used
to determine the necessary number of hidden node, and the allowed miss-
classification rate is 20% for all 10 classes, which is used in determining the
thresholds to avoid over-fitting.

Using the sequential partition-pruning design procedure, all training ex-
amples were partitioned by 49 hidden nodes and 98 thresholds. The 49 hidden
nodes included 36 Fisher nodes and 13 principal component nodes. Each node
has 2 thresholds.

The contribution of each threshold was saved in a contribution array.
The array was sorted and plotted in Figure 4(a). From the Figure 4(a), we
can see that few of the thresholds have significant contribution to some of
the classes, but many thresholds have too little contribution in partitioning
the input space. The accumulated network performance in the order of the
sorted thresholds is shown in Figure 4(b). The more the thresholds we keep,
the higher the network accuracy we can obtain on the training data set, but
to keep too many thresholds which have too little contribution can affect the
generality of a designed network. In other word, to use more thresholds may
not give a higher accuracy on the test data set.

For this example, the desired network performance is 95%. A horizontal
dash-dot line in Figure 4(b) marked the desired 95% accuracy. The line has
an intersection with the curve of the accumulated network performance. We
projected the intersection onto the Figure 4(a) as the vertical broken line in
both Figure 4 (a) and (b). Then a necessary number of thresholds to meet
the desired network performance can be determined. For this example, the
first 38 thresholds in Figure 4(a) can meet the 95% network accuracy. Thus
the thresholds from the 39 to 98 can be pruned.

Once the thresholds are pruned, the hidden nodes which need to be pruned
can be further determined. If all of the thresholds associated with one hidden
node are pruned, the hidden nodes should be pruned. In this example, after
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Fig. 4. (a) (bottom) The sorted contribution of each threshold in the order of
its contribution to the class separated by the threshold. (b) (top) Accumulated
network performance in the order of the sorted thresholds.

threshold pruning, 31 out of 49 hidden nodes have at least one associated
threshold, thus these 31 hidden nodes are kept and other 18 hidden nodes are
pruned. After the simplification, the actual design performance on the train-
ing set is 91.44%. On the test set, the simplified network has a performance
of 87.68%.

5 COMPARISON AND CONCLUSIONS

Principal feature networks (PFN) have been compared in experiments with
the most popular neural networks, such as backpropagation (BP), and ra-
dial basis function (RBF) network in term of performance, complexity of
structure (number of hidden nodes), training time, and million floating-point
operations (Mflops). One comparison was given in Example 1. In [3], the
PFN was compared with BP, RBF, and linear discriminant analysis (LDA)
in a multispectral image recognition problem. Due to the very large data set,
both BP and RBF failed to train a classifier in a reasonable amount of time.
For that problem, the LDA gave a classification rate of 55%; a modified RBF
reached a rate of 60% with 490 hidden nodes in 221 Mflops; the PFN reached
a rate of 72% with 77 hidden nodes in 38 Mflops.

The training procedure of sequential addition of hidden nodes in PFN
looks similar to several constructive algorithms which have the capability to



add hidden nodes while the training in progress. These constructive algo-
rithms include Decision Tree Algorithms (DTA) [12], Neural Tree Network
(NTN) [10, 11], Fisher Tree Networks (FTN) [7, 8] Cascade-Correlation Ar-
chitecture (CCA) [9], Piecewise-linear discrimination (PLD) [13], Tiling Al-
gorithm (TA)[16], etc. For those algorithms and network architectures, since
they are easy to be compared, we focus the comparison on theory and con-
ceptual levels in the following list. Generally speaking, the PFN has the
advantages of these networks or training algorithms. It can get 100 % accu-
racy on training set when it is necessary. It also has many new functions and
advantages.

(1) Except PFN, TA, and PLD, all other algorithms are for tree structures
and not for parallel implementation. In [8], the author give a algorithm to
convert FTN to parallel architecture, however, the tree algorithms are not
naturally for parallel implementation which should be a major advantage
of neural networks. The PFN can be implemented in a tree structure for
software or in a parallel structure, such as a processor array, for VLSI design
when it is necessary [5].

(2) Except PFN and TA, in general, none of the other algorithms consider
to pruning training data immediately after each hidden node design. The
pruning can reduce the training data set, release memory space, and make
the next hidden node design more efficient. Normally after first few hidden
node design, most of the training data are pruned, so the PFN training in each
additional hidden node will use less and less time and memory space. The TA
repeats the pruning procedure in every layer of the multi-layers training while
the PFN only needs to train one layer. The DTN and NTN can only prune
training data when they reach the leaf nodes. The dimension of the input
space of the CCA hidden node gets larger and larger during the training, so
the CCA will be slowed down after adding more hidden nodes.

(3) Most of the algorithms, such as DTA, NTN, CCA, and TA, did not
apply statistical method in training which can speed up the training signifi-
cantly.

(4) The NTN, CCA, and TA are based on gradient-descent or iterative
methods which can slow down the training and there is no guarantee for a
global-minimum.

(5) The DTA can only construct hyperplanes in perpendicular to pre-
scribed axes which either reduces the performance or needs more nodes.

(6) The PFN offers the algorithm to deal with the case in which two or
more classes are over-lapped on one another and proved the optimal node
design algorithm [4].

(7) The PFN allow quadratic nodes for a better performance.

(8) PFN and DTA allow multiple thresholds on each hidden nodes. This
can prune more data at each hidden node without using additional weight
vectors. It can also approximate the optimal quadratic nodes.

(9) The DTA and NTN have tree node pruning algorithms for a better
performance on the test sets. The lossy simplification algorithm for PFN is



simpler than the tree pruning algorithms.

(10) The PFN has the lossless simplification for a minimal implementation
as presented in this paper.

In conclusion, principal feature classification is a concept for designing
constructive neural networks. By applying multivariate statistical analysis
in defining and training hidden nodes, the principal feature networks can be
trained much faster than gradient-descent or other iterative algorithms. The
over-fitting problem as in most neural network training can be avoided in
determining thresholds, and the generalization can be realized in the loss-
less simplification. The principal feature network has been used in solving
real-world classification problems with large data sets. It gave better perfor-
mance, less CPU time in training, and simpler network structures than other
compared networks.
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